We have studied the intrinsic frequency tuning of several terahertz (THz) quantum-cascade lasers (QCLs) based on a hybrid design. With increasing driving current, most QCLs exhibit either a redshift or a blueshift, while some QCLs show both. An oscillator model describes the observed behavior. The accuracy of the model is affected by the complexity of the current-dependent gain spectra of the THz QCLs. Numerical simulations demonstrate a cavity pulling effect insofar as the tuning behavior depends on the resonator losses and on the width of the gain spectra. Published by AIP Publishing. https://doi
I. INTRODUCTION
The development of quantum-cascade lasers (QCLs) 1 for the terahertz (THz) spectral region 2 has given rise to numerous spectroscopic applications during the last decade. In addition to sophisticated THz imaging techniques, 3 THz QCLs have been used as radiation sources for absorption spectroscopy 4 including modulation techniques 5 and gas spectroscopy through self-mixing processes. 6 Furthermore, THz QCLs have been developed for the use as local oscillators in heterodyne receivers for astronomy. [7] [8] [9] Since 2014, a THz QCL has been employed as the local oscillator on board of the Stratospheric Observatory for Infrared Astronomy (SOFIA). 10 Recently, THz QCLs have also been demonstrated as highpower and wideband, gapless sources for spectroscopy. 11 For spectroscopic applications, the fine tuning of the emission frequency of the QCL is of great importance. Either narrow transition lines have to be matched with high accuracy or a probe wavelength has to be shifted over an absorption line. In recent years, several tuning techniques have been demonstrated such as a direct change of the lateral optical mode, 12 an external optical cavity setup, 13 THz generation by the difference frequency of mid-infrared QCLs, 14 a multi-wavelength laser array consisting of three tapered, single-mode, distributed-feedback THz QCLs, 15 a change of the non-equilibrium carrier concentration along the laser cavity, 16 and a multi-section cavity. 17, 18 Very recently, continuous tuning of THz QCLs by near-infrared illumination has been demonstrated. 19, 20 The most straightforward tuning mechanism, although for a rather small tuning range, is the intrinsic tuning by adjusting the heat sink temperature and/or the driving current. While the frequency tuning with temperature is caused by the temperature dependence of the refractive index, the frequency tuning due to current (or voltage) changes results from the so-called cavity pulling (or frequency pulling) effect. 18, 21 Here, the feedback of the lasing process on the intersubband transitions affects the actual gain spectrum and via the Kramers-Kronig relation the refractive index. The temperature and current tuning mechanisms have already been applied to several spectroscopic approaches. One example is the local oscillator in the German REceiver for Astronomy at Terahertz frequencies (GREAT) on board of SOFIA. 10 The reliability of this tuning mechanism is demonstrated by numerous observations based on the 63 lm emission line of oxygen from several astronomical objects. [22] [23] [24] [25] Furthermore, various approaches to gas sensing in the THz spectral region are based on intrinsic tuning due to changes of the applied current. 5, 6, 26, 27 Similarly, the recently introduced wideband, gapless sources 11 rely on changes of both, the current density and the operating temperature of the active region, during the current ramps. Therefore, a larger tuning range, which may even cover the entire mode spacing, without the necessity of temperature changes is expected to improve the applicability of THz QCLs for high-resolution spectroscopy or as a replacement for thermal sources in spectrometers.
In this work, we discuss the behavior of several THz QCLs based on a hybrid design with respect to tuning of the laser modes by changes of the applied current, which is related to the voltage drop per period and is referred to as the applied field strength. We focus on hybrid designs since they are preferred for the continuous-wave operation of THz QCLs based on surface-plasmon waveguides 2 in mechanical coolers. Furthermore, their rather complex subband structure provides more degrees of freedom for the design of THz QCLs with demanding specifications. However, their complexity makes the modeling and the prediction of the operating parameters in some configurations difficult.
II. MODEL
The mode tuning, i.e., the lasing frequency as a function of the applied field strength, is simulated using the refractive Published by AIP Publishing. 123, 213102-1 index obtained from a standard oscillator model for the complex-valued dielectric function eðÞ with indicating the frequency of the electromagnetic radiation
where N av denotes the average volume density of carriers, E ij ¼ E i -E j is the transition energy between states i and j, q ii (q jj ) is the population of states i (j), The level broadening C i þ C 0 is determined by the lifetime broadening C i and an additional parameter C 0 in order to account for inhomogeneous broadening due to interface roughness. 29 The background dielectric function of the material is given by e B ¼ 13, while e denotes the elementary charge and e 0 is the vacuum permittivity. Finally with e ¼ e 1 þ ie 2 , we obtain the frequency-dependent refractive
cn e 2 using n % n B . This procedure has been included into the Fourier-transform-based hybrid model described in Refs. 30 and 31, which allows us to solve the Schr€ odinger-Poisson equations self-consistently. The steady-state populations are calculated in the framework of a scattering-rate approach, in which the rates are also selfconsistently determined. Although the lasing process is accompanied by the so-called gain clamping, the interaction of stimulated emission with the entire electron system affects the overall dielectric response of the system in an intricate way. 32 Since the gain clamping occurs only at the mode frequencies, any modification of the rather broad gain spectrum allows for a change of the refractive index despite the clamping, which significantly reduces the gain variations with increasing field strengths as shown experimentally in Ref. 33 . Furthermore, intersubband absorption lines nearby may also be affected and contribute to the modifications of n. Therefore, stimulated emission is included as a scattering process according to Refs. 29, 34, and 35, so that also cavity pulling, i.e., the effect of lasing on eðÞ, can be taken into account. The rates for electron-photon interaction are given by
with U l denoting the photon flux density of laser mode l. This approach allows us to simulate how the tuning of the laser modes depends on the interplay between the gain spectra and resonator losses. Figure 1 (a) shows schematically e 1 ðÞ and e 2 ðÞ for a single oscillator. Close to the absorption maximum, e 1 exhibits a large change, which leads to a change of the refractive index if the absorption (or gain) maximum is shifted. Figures  1(b) and 1(c) show the absorption/gain and refractive index maps, respectively, for an exemplary QCL (A1, see below) with a strong gain peak, which is blueshifted with increasing field strength, and a strong absorption peak, which is redshifted. Close to both, the gain and the absorption maximum, the refractive index decreases with increasing field strength, for instance, along the vertical lines in Fig. 1(c) leading to a blueshift of a possible lasing mode. However, the relative variations of n close to the gain maximum of about 10
À3 are rather small. The mode frequency of a Fabry-P erot resonator is related to the effective refractive indexñ of the waveguide mode by
where c denotes the speed of light. For a constant mode index M and cavity length L, we may normalize to the frequency 0 at threshold 0 ¼ñ 0 n ;
withñ 0 denoting the refractive index at threshold. Assuming a linear dependence ofñ on the material refractive index n of the active region as determined using Eq. (1), i.e., neglecting the waveguide dispersion and nonlinear effects such as hole burning, we can replace the effective indexesñ andñ 0 by the material indexes n and n 0 , respectively, so that 0 % n 0 n :
This approach, for which simulations of the waveguide properties show corrections of less than 10% when the dispersion is included, allows us to directly compare the observed dependence of the normalized frequency on the applied voltage/current with the behavior of the calculated normalized refractive index as a function of the applied electric field strength as obtained through Eq. (1).
III. EXPERIMENTAL DETAILS
The challenge consists in a projection of the measured applied voltage U or current density values onto the values for the applied electric field strength F used in the simulations. The latter one is defined by the voltage drop over one period divided by the length of one period, which would refer to the (measured) applied voltage drop over the cascade divided by the total thickness of the laser ridge. However, the voltage drop across the laser structure cannot be determined with sufficient accuracy, since there is always a voltage drop over the lower contact layer, which depends on both the etching process and the actual current density. For pulsed operation, the current-dependent impedance mismatch of the samples leads to additional difficulties to precisely determine the voltages. Furthermore, the actual etching depth affects the applied field strength for a given voltage drop. The current density in turn may depend on the structural quality and the background doping density. 36 Therefore, the measured voltages at threshold and at the power maximum as well as the corresponding current densities exhibit large variations between different lasers even for nominally identical structures. In contrast, both the observed lasing frequencies and the frequencies of the calculated gain maximum can reliably be determined. Therefore, we correct the voltage scale so that the gain map, which displays the calculated gain values as a function of electric field strength and frequency, agrees well with the observed mode map, which consists of a compilation of all identified laser modes of the Fabry-P erot THz QCL as a function of voltage and frequency. This procedure is very reliable for laser structures exhibiting a clear shift of the gain maximum with increasing voltage/field strength. However, for QCL structures, which have been grown without in-situ growth control, the nominal layer thicknesses may have to be adjusted in order to achieve an agreement between the measured and calculated frequency ranges, while, for lasers grown with in-situ control, 37 the nominal layer thicknesses can directly be used for the simulations in most cases. In order to provide a larger number of modes, we have to use longer Fabry-P erot resonators.
We analyze several QCL structures based on hybrid designs as introduced by Williams, 38 which combine bound-to-continuum designs with resonant-phonon designs, in detail. This design has advantages for continuous-wave operation and allows for a higher degree of design flexibility if an entire set of parameters for a particular specification has to be matched, and QCLs based on this design have operated on SOFIA since 2014. In two of them (A1 and A2), which have been designed for 3.3 THz, the lasing transition has a significant diagonal character as shown in Fig. 2(a) , while the two other structures (B1 and B2), which have been designed for 4.7 THz, are based on an almost vertical transition and a wide quasi-miniband [cf.. Fig. 2(b) ]. QCL A1 contains Al 0.25 Ga 0.75 As barriers and corresponds to QCL B of Ref. 39 with an adjustment of the layer thicknesses by þ10% for the simulation. 40 The details for QCL A2 with Al 0.15 Ga 0.85 As barriers are given in Ref. 41 . 42 QCLs B1 and B2 correspond to the low-doping QCL with AlAs barriers described in Ref. 43 and to QCL B2 (Al 0.25 Ga 0.75 As barriers) described in Ref. 9 , respectively. For QCL structures B1 (Ref. 44 ) and B2, 45 we use the nominal layer thicknesses for the simulations, since the structures were grown with in-situ control.
FIG. 2. Typical subband structure for QCLs (a) A2 and (b) B2 for electric field strengths slightly above the expected threshold. The structures for A1 and B1 are similar to A2 and B2, respectively. Red lines indicate levels which are involved in transitions resonant to the longitudinal optical phonon. Blue lines indicate the laser levels, while grey lines in (b) represent the states of the quasi-miniband which couple to the lower laser level at different applied field strengths. In this configuration, the oscillator strengths are 0.82 and 0.14 for A2 and B2, respectively.
The QCL structures were grown using molecular beam epitaxy on semi-insulating GaAs wafers and were processed into Fabry-P erot ridge lasers with single-plasmon waveguides. QCLs A1 and A2 consist of 85 periods, while QCLs B1 and B2 consist of 88 periods with a total thickness of about 11 lm each. For QCLs B1 and B2, fluctuations in the growth rates could be kept below 1% using a closed-loop rate control system based on optical reflection measurements 37 for the in-situ growth control. Typically, we observe a parabolic decrease in the growth rates from the center to the edge of the 2-in. substrates. At a distance of 20 mm from the center of the wafer, the GaAs (AlAs) growth rate is about 1.5% (3.
2 for QCLs A1, A2, B1, and B2, respectively. The operating parameters of the QCLs were determined in a He-flow cryostat with a polyethylene window at about 10 K. The laser emission spectra were recorded using a high-resolution Fourier-transform infrared spectrometer (Bruker IFS 120 HR) with a resolution of 0.01 cm À1 (0.3 GHz). In order to rule out thermal effects on the tuning behavior, the spectra were recorded in pulsed operation with a pulse length of 500 ns (A1, A2) or 1 ls (B1, B2) and a repetition rate of 5 kHz, i.e., a duty cycle of 0.25% or 0.5%, respectively. Figure 3(a) shows the calculated gain map of QCL structure A1, which exhibits the clearest characteristic among the four investigated QCLs. It consists basically of a single gain maximum, which shifts to higher frequencies for larger field strengths with a coefficient of 530 GHz/(kV cm
IV. ANALYSIS

À1
) within the operating range. The measured mode map can be projected onto the calculated gain map reasonably well and exhibits a blueshift of the center of the multi-mode spectrum, i.e., of the gain maximum of about 113 GHz/V. with large simulated gain values is beyond the actual onset of negative differential conductivity. In addition to the anticrossing of the injector state with the upper laser level, negative differential conductivity may be caused by decoupling of states in the quasi-miniband or by laser induced instabilities at field strengths at which the gain decreases with increasing field strength. This projection allows us to compare the simulated values for n 0 /n between 3.26 and 3.77 kV/ cm with the observed values for / 0 between 5.1 and 7.1 V as shown in Fig. 3(c) . For a validation of this projection, we have measured the bottom contact characteristics, i.e., the current dependence of the voltage between the two bottom contacts, using the same configuration as for the electrical characterization of the lasers in pulsed operation. The corresponding resistance is expected to mainly contribute to the overall contact resistance. The voltage between the two bottom contacts amounts to twice the value of the voltage drop V drop between the center of the laser ridge and either one of the bottom contacts. Since for laser operation the bottom contacts are connected through the highly doped GaAs layer between the substrate and the QCL structure, the current between the laser ridge and either one of the bottom contacts corresponds to half of the laser current. For 5.1 V, we find V drop ¼ 1.35 V and for 7.1 V, V drop ¼ 2.4 V, which results in field strengths of 3.4 and 4.3 kV/cm, respectively, assuming a total ridge thickness of 11 lm. While at threshold the field strength determined by the projection agrees reasonably well with the value obtained from the voltage measurement, the projected field strength close to the power maximum is significantly smaller than the measured value. This deviation indicates a field inhomogeneity due to the possible formation of electrical field domains at larger voltages in this sample.
For the analysis, we focus on modes which are present over most part of the operating range. All other modes show a similar tuning behavior. Here, the n 0 /n characteristics have been calculated for a single lasing mode at 3.27 THz including stimulated emission. We have used two values for both the effective resonator losses a r , which take into account the mode confinement factor, and C 0 . The curve for C 0 ¼ 1 meV and a r ¼ 20 cm À1 , which are reasonable model parameters, agrees well with the experimentally obtained curve. In order to demonstrate how sensitively the tuning behavior depends on the gain spectra, we show in Fig. 3(d) also the corresponding curve for C 0 ¼ 0.5 meV. Similarly, the influence of cavity pulling is demonstrated by the clear difference between the two curves for a r ¼ 20 cm À1 and the two curves for a r ¼ 30 cm
. QCL structure A2 exhibits a somewhat more complex gain map as shown in Fig. 4(a) compared to the one of A1 due to a second gain maximum which appears on the lowfrequency side at about 4.1 kV/cm. Nevertheless, the projection of U onto F is still quite unambiguous. The reciprocal normalized refractive indexes and normalized frequencies are shown in Fig. 4(b) for two lasing modes at 3.02 (filled symbols) and 3.10 THz (open symbols) using the same parameters as for QCL A1, i.e., C 0 ¼ 1 meV and a r ¼ 20 cm
. Both modes show a similar behavior. The simulated n 0 /n curves agree quantitatively with the experimental result for lower field strengths/voltages. Due to some artifacts in the simulations at about 3.98 and 4.02 kV/cm, which are indicated by the respective horizontal lines in the gain map, the simulated n 0 /n curve exhibits two rather strong modulations. We attribute these artifacts to shifts of the gain spectrum due to coupling of one of the laser levels with a remote state, which is located in an adjacent period of the cascade structure and may cause a significant carrier redistribution over a certain field strength range. However, the average tuning as indicated by the dotted line agrees still qualitatively with the experimental result.
QCLs B1 and B2 are based on almost vertical transitions with a small redshift of the gain maximum due to a sequential coupling of the lower laser level to several quasi-miniband states as shown in Fig. 2(b) , which leads to a number of , as a function of F. The experimental curves have been normalized at the lowest accessible voltages, which are 4.57 and 4.94 V for the 3.02 and the 3.10 THz mode, respectively. Therefore, the / 0 curve for 3.10 THz had to be shifted by 0.0002. We use the identical projection of U onto F as shown in (a). The dotted line is a guide to the eye. maxima of the gain for several values of F. Due to the redshift of the gain maximum, also a redshift of the laser modes is expected. However, the shift is rather small so that the projection of U onto F, i.e., the determination of the field strength range for the gain map which corresponds to the voltage range for the observed laser modes, is much less clear than for QCLs A1 and A2. Figure 5(a) shows the gain and mode maps of QCL B1. The redshift of the modes is quite well reproduced by the redshift of the gain maximum. The observed lasing threshold at 3.6 V agrees approximately with the field strength of 4.4 kV/cm, at which the simulated gain reaches the threshold (for an effective waveguide loss of about 30 cm
). Furthermore, the onset of negative differential conductance at 5 V agrees with the field strength of 4.75 kV/cm, where a strong decrease in the gain with increasing values for F is observed. As shown in Fig. 5(b) , the lasing modes at 4.77 and 4.78 THz (filled and open diamonds, respectively) show a general redshift over the entire dynamic range with a small blueshift between 4.5 and 4.7 V. The respective simulated curves for a r ¼ 30 cm À1 (dots) show a similar behavior, i.e., a red-, a blue-, and again a redshift, although the average shift vanishes, i.e., the n 0 /n value for the upper field strength limit of about 4.78 kV/cm is again equal to one. The simulated curves are distorted by an artifact at 4.47 kV/cm. The result for a simulation with a r ¼ 20 cm À1 shows a qualitatively different behavior as depicted by the squares. The better agreement for 30 cm À1 is consistent with larger waveguide losses for the higher frequency compared to the losses for QCLs emitting at 3 THz. 46 The larger waveguide losses for the higher frequencies require also larger unsaturated gain values of up to 80 cm
, which are typical for QCL structures for frequencies of about 4.7 THz, as compared to the maximum gain values of about 50 cm À1 for QCLs A1 and A2. Furthermore, this qualitative difference for the two values of a r demonstrates again the significant influence of the cavity pulling on the tuning behavior of the modes. As shown in Fig. 5(b) , the observed tuning behavior for the two frequencies is different as the experimental curves split at 4.1 V, while both modes exhibit a very similar behavior in the simulations (not shown). This indicates that additional processes due to, for example, nonlinear optical effects beyond our model may also be important for the tuning behavior.
A somewhat arbitrary projection of U onto F is necessary for QCL B2 as shown in Fig. 6(a) . For this structure, the electrical field strength corresponding to the highest voltage for which laser modes are observed cannot be determined unambiguously. Following the same procedure as for sample A1, we obtain V drop ¼ 0.7 and 1.2 V at threshold and at the power maximum, respectively. Assuming a total ridge thickness of 10 lm, we obtain electric-field strengths of 4.3 and 5.5 kV/ cm, respectively, the values of which are in reasonable agreement with the estimated values for the corresponding projected field strengths of 4.6 and 5.2 kV/cm, respectively, as obtained from Fig. 6(b) . Two pronounced gain maxima appear at around 4.85 and 5.25 kV/cm. With respect to the redshift of the gain spectra, the small redshift of the laser modes would also fit into the field strength range between 4.6 and 4.9 kV/cm, which is rather small. We believe that the two calculated distinct gain regions are superimposed on each other in real lasers since lateral potential fluctuations due to composition and/or doping inhomogeneity would lead to a level broadening and a smoothing of the gain dependence on the field strength, while the broadening of the states is only included in our model afterwards when calculating the spectral width of the gain curves. For the selected projection, we obtain a modulated curve as shown by the circles in Fig. 6(b) , which follows, in general, the measured redshift. We believe that the modulation could be smoothed out also in this curve by taking into account the level broadening in the entire transport model (not only for the gain spectra), which, however, is beyond the scope of this work.
Finally, we compare the observed tuning behavior with tuning coefficients for single-mode lasers operating in continuous-wave mode as reported in Ref. 47 . These lasers are based on the same wafers as for QCLs A2 and B2. Since the employed projection method cannot be applied to single-mode lasers, the tuning properties are related in this case to the current densities, which can be more reliably determined than the voltages. According to Eq. (3), neglecting again the dispersion and additionally assuming that only the refractive index changes with increasing current density j, we obtain
i.e., we may compare lasers with different sizes, but the same emission frequency when the frequency shift is related to the current density. According to Fig. 4(b) , the frequency of the multi-mode QCL A2 shifts over the entire dynamic range by about 3 GHz for the 3.02-THz mode and about 2.7 GHz for the 3.1-THz mode. With current densities of 190 and 530 A/ cm 2 at threshold and at the onset of negative differential conductivity (not shown here), respectively, we obtain tuning coefficients of about þ 9 and þ8 MHz/(A cm
À2
) for the two modes. From the value þ7.2 MHz/mA given in Ref. 47 and the area of the laser ridge of 0.12 Â 1.4 mm 2 for the singlemode QCL, we obtain a tuning coefficient of about þ12 MHz/(A cm À2 ), which is in reasonable agreement with the result for the multi-mode QCL within the accuracy of our model. However, the smaller tuning coefficient for the (longer) multi-mode lasers indicates a possible interaction of the modes in these lasers.
For the multi-mode QCL B2, we obtain a redshift of À4.7 GHz as shown in Fig. 6(b) ). In contrast to the single-mode laser for 3.1 THz, which is based on a mere Fabry-P erot laser, 47 the single-mode lasers for 4.7 THz employ a first-order distributed-feedback grating. Therefore, we attribute the much larger tuning coefficients to the effect of the lateral grating on the Fabry-P erot modes. Moreover, the 4.7-THz QCLs exhibit a higher current as well as voltage level so that an additional redshift due to an increasing temperature of the laser ridge with increasing driving current may be expected.
V. CONCLUSIONS
In summary, the tuning behavior of four THz QCLs based on a hybrid design has been investigated. In pulsed operation, we found lasers which exhibit either a blue-or a redshift for increasing current/voltage. In some cases, even both types of frequency shift can be observed for the same QCL. The tuning range is about 0.1% of the mode frequency at threshold. In the framework of an oscillator model, we are able to explain the tuning behavior quantitatively, semiquantitatively, or at least qualitatively, depending on the complexity of the gain maps. In view of the small tuning range, even a mere qualitative agreement is an important result as it demonstrates both the applicability and the limits of the oscillator model in this context. The simulations show that the tuning depends sensitively on the gain spectrum, which is affected by the level broadening, and on the cavity losses, which demonstrates the so-called cavity pulling effect. We found reasonable or in some cases even better agreement using the same level broadening of C 0 ¼ 1 meV for all QCL structures and resonator losses of a r ¼ 20 cm
À1
and a r ¼ 30 cm À1 for the 3-THz and the 4.7-THz QCLs, respectively. The understanding and modeling of the intrinsic tuning of THz QCLs may be useful for the simultaneous optimization of output power and tuning range, in particular, for lasers with a hybrid design, which exhibit a sufficiently large degree of freedom. For a comprehensive understanding of the tuning behavior of individual modes, also nonlinear effects such as hole burning, the interaction of the modes in multi-mode lasers, and, in case of distributed-feedback lasers, the influence of the grating on the Fabry-P erot modes have to be taken into account. For continuous-wave operation, also thermal effects may play a role.
